Abstract. In this paper, we propose an unfitted Nitsche's method for computing wave modes in topological materials. The proposed method is based on Nitsche's technique to study the performanceenhanced topological materials which have strongly heterogeneous structures (e.g., the refractive index is piecewise constant with high contrasts). For periodic bulk materials, we use Floquet-Bloch theory and solve an eigenvalue problem on a torus with unfitted meshes. For the materials with a line defect, a sufficiently large domain with zero boundary conditions is used to compute the localized eigenfunctions corresponding to the edge modes. The interfaces are handled by Nitsche's method on an unfitted uniform mesh. We prove the proposed methods converge optimally, and present numerical examples to validate the theoretical results and demonstrate the capability of simulating topological materials.
1. Introduction. The past decade has witnessed an explosion of research on topological materials. The delicate structures of these materials admit novel and subtle propagating wave patterns-immune to backscattering from disorder and defects [2, 20, 27, 32, 33] . The underlying mechanism is the existence of so-called "topologically protected edge states". These wave modes, which propagate along and decay rapidly transverse to the edge, are robust against local defects. Thus they can be used to transfer energy, information and so on. Over the past few years, in addition to the electronic system in which the topological phenomena was firstly studied, such topological phenomena have been experimentally realized in many other physical systems, such as electromagnetic waves in photonic systems, acoustic waves in phononic systems [1, 27, 28, 35, 37, 38] .
There are many physical models which admit topologically protected edge states. This work is concerned with edge states in topological photonic materials. The mathematical problem that we study is the following eigenvalue problem
This equation arises in the in-plane propagation in a photonic crystal whose permittivity is invariant along the longitudinal direction. In this scenario, the electromagnetic fields (E 1 , E 2 , E 3 , H 1 , H 2 , H 3 ) can be divided into two decoupled components, transverse electric (TE) mode (E 1 , E 2 , H 3 ) and transverse magnetic (TM) mode (H 1 , H 2 , E 3 ). The addimissible TE modes in a specific material, characterized by the material weight function W (x), satisfy the above eigenvalue problem (1.1).
Here, Ψ(x) corresponds to the longitudinal magnetic field H 3 and the eigenvalue E equals ω 2 with ω being the frequency of the electromagnetic fields. The other two components of the TE modes are (E 1 , E 2 ) = ± geometric structure. For the honeycomb structure, the discontinuities in the material weight function is copied periodically, which makes the generation of body-fitted meshes become challenging. Furthermore, the unstructured nature of the body-fitted meshes will introduce additional difficulties to impose the periodical or Bloch period boundary condition. Those difficulties can be alleviated by adopting the unfitted numerical methods where the underlying meshes are independent of the location of the material interface. To handle the non-smoothness across the material over the interface, one may need modify the finite difference stencil [22, 24, 30, 31] , finite element basis functions [10, 13, 17, 18, 23, 25, 26] , or the weak formulation [3, 7, 12, 16] .
The main purpose of the paper is to propose a new kind of unfitted Nitsche's method based on the Floquet-Bloch transformation for computing dispersive relation and topological edge modes in a honeycomb structure with strong heterogeneities. The unfitted Nitsche's method was originally proposed in [16] for the elliptic interface problem with real coefficients. The key idea is to construct the approximation on each fictitious domain induced by the material interfaces and couple them together by the Nitsche's technique [29] . For the development and application of the unfitted Nitsche's method, the interesting readers are referred to the recent review paper [7] . Compared to the existing unfitted Nitsche's methods [3, 7, 16] , the proposed unfitted Nitsche's method uses Floquet-Bloch theory and solves an eigenvalue problem on a torus. For the C-symmetry breaking case where the eigenvalue problem contains complex matrix-valued coefficients, a sufficiently large domain with zero boundary conditions is used to compute the localized eigenfunctions (edge mode).
One of the difficulties in analyzing the stability of the discrete Nitsche's bilinear form is that it involves the solution itself in addition to its gradient. To the best of our knowledge, the existing unfitted Nitsche's method only focuses on the pure diffusion equation. To establish the stability, we need the trace theorem on cut elements, i.e. elements cut by the interface. The existing trace [7, 16] theorem for the cut element involves both parts of the cut element. Direct application of the theorem is not able to entitle us the full possibility to prove the coercivity of the Nitsche's bilinear form. Therefore, we build up a new trace inequality which involves one part of the cut element. The new trace inequality enables us to establish the stability and continuity for Nitsche's bilinear form in term of the energy norm. Using the approximation theory of the compact operator [5] and the interpolation error estimates, we are able to show the optimal convergence results for both eigenvalue and eigenfunction approximation by the proposed unfitted Nitsche's method. In particular, the established error estimate is independent of the location of the interface and uniform to the jump ratio of the material weight. Furthermore, we show that there is no pollution in the numerical spectrum.
The rest of the paper is organized as follows. In Section 2, we present the physical background of photonic graphene and mathematical setup. In Section 3, we focus on the computation of dispersive relation. We start the section by the formulation of the unfitted Nitsche's method on the torus. The stability and continuity of the unfitted Nitsche's weak formulation are established. Then, we extend the unfitted Nitsche's to compute topological edge modes in a cylinder domain. In Section 4, we prove the numerically approximated eigenpair converges optimally to the exact eigenpair. In Section 5, we present several numerical examples to confirm the theoretical results. We make conclusive remarks in Section 6.
2. Physical problems and preliminaries. We will focus on the honeycombbased photonic materials, and present the physical setup and briefly review the un-derlying theory.
2.1. honeycomb structured material weight. We consider the following specific hexagonal lattice
with the lattice basis vectors
The fundamental cell is chosen to be the parallelogram:
with |Ω| standing for the area of Ω.
The dual lattice
is generated by the dual lattice vectors k 1 , k 2 which satisfy k i ·v j = 2πδ ij , (i, j = 1, 2). Specifically, the dual lattice vectors are
Throughout this work, we choose the parallelogram Ω * : 5) as the fundamental dual cell.
Define the honeycomb lattice Λ h = (A + Λ) (B + Λ). Note that Λ h is not a Bravais lattice since it has two sites per unit cell.
Let B r (x 0 ) be the ball centered at x 0 with the radius r. Throughout this work, we require that r < 1 2 |A − B| which implies that B r (A) and B r (B) are disjoint. We divide the fundamental cell into two parts, Ω 1 = B r (A) B r (B) and Ω 2 = Ω/Ω 1 . Define the piece-wise honeycomb function
where C j , j = A, B, 0 are positive constants. C 0 is regarded as the value of the background and C A , C B are the values against the background. It is obvious that (x) is Λ-periodic, i.e., (x + v) = (x) for all v ∈ Λ.
In this work, we use the following material weight as our prototype
This material weight corresponds to the magneto-optical material [15] . γ ∈ R is called Farady-rotation constant satisfying min( (x) 2 − γ 2 ) > c 0 > 0, which ensures W (x) is uniformly elliptic. In real materials, the strength of the Faraday-rotation is much samller than the permitivity , hence
where σ 2 = 0 −i i 0 is a Pauli matrix.
Eigenvalue problem in a torus.
Consider the material weight of the form (2.7) or (2.8). W (x) is Λ-periodic when γ is constant. We can restrict our analysis in a torus by Floquet-Bloch theory. Before proceeding further, we introduce the following function space
, ∀v ∈ Λ. Similarly, we can also define H s per (Λ) and H k (Λ) in a standard way.
According to Floquet-Bloch theory, the spectrum of
Due to the periodicity, we can restrict k in the fundamental dual cell Ω * . For a fixed k ∈ Ω * , there exists a sequence of pairs (E m (k), Φ m (x; k)) , m = 1, 2, · · · satisfying the above eigenvalue problem. Here E m (k), m = 1, 2, · · · are called dispersion band functions which have been ordered as 0
The corresponding eigenfunctions Φ m (x; k) are referred as the Bloch waves. Moreover, the set
coincides with the Bloch spectrum, the union of the images of all the mappings E m (k), i.e.,
Generally, it is impossible to solve the eigenvalue problem (2.9) analytically. A natural numerical scheme is the spectral method. Namely, we can expand W (x) and Φ(x) into their Fourier series. By truncating the series into finite terms, we can easily solve the reduced eigenvalue problem for a matrix. If W (x) is smooth, by LaxMilgramm theorem, Φ(x) is also smooth. We only need a few terms to approximate W (x) and φ(x) due to the exponential accuracy. The shortcoming of this method is that the reduced matrix is not sparse. When we need a large number of terms to approximate W (x), this method becomes costly, for example, W (x) changes greatly or is even discontinuous.
If γ = 0, W (x) is a honeycomb structured material defined in [21] , i.e., W (x) is even, real and 2π 3 -rotation invariant. According to [21] , there generically exist the so-called Dirac points-conical singularities in the dispersion band functions E m (k) at k = K, K for some m. If γ = 0 but is still a constant, the material weight W (x) is now complex, local spectral gaps open near the Dirac points due to the complex-conjugate symmetry breaking.
2.3.
Honeycomb structured material weight with a line defect. Dirac points provide a mechanism to generate the so-called topological edge states via introducing a line defect. Define a transition function (referred as to domain wall function) κ(ζ) ∈ L ∞ (R, R) with κ(±∞) = ±κ ∞ . Without loss of generality, we require that κ ∞ > 0. A typical example of this transition function is the step function
A typical smooth transition function is κ(ζ) = κ ∞ tanh(ζ).
A line defected is introduced if we choose the Faradi-rotation γ in (2.7) to be a transition function along a direction. Namely γ = κ(n · x) where n = 0 is the normal direction of the line defect. Obviously, if κ(ζ) is the step function (2.11), the line n ⊥ R is the interface of two different materials (we also call it an edge). In this work we take Zigzag edge as our prototype. In this case, n = k 2 and the line v 1 R is the edge. Note that W (x) is periodic along v 1 direction but loses the periodicity along
We solve the eigenvalue problem
(2.12) Due to the subtle symmetries of the setup, there exists point spectrum and the corresponding eigenfunctions are referred as to edge states. Namely, Ψ(x) satisfies
3. Unfitted Nitsche's method. In this section, we propose the Floquet-Bloch theory based unfitted Nitsche's methods for simulation topological materials. Firstly, we focus on the computing dispersive relation. Then, we put our extend the method to computing edge states.
3.1. Unfitted Nitsche's method for computing dispersive relation. In this section, we are interested in the efficient numerical solution of the eigenvalue problem (2.9) in a torus. One of the main numerical difficulties is the existence of the high contrast in the material weight W (x), which may lower the regularity of eigenfunctions. To model the discontinuity, we use the interface conditions as [24] and the L
, v is the jump in value of a function v crossing the interface Γ, and n is the unit outer normal vector of Γ.
To deal with quasi-periodicity of functions in L 2 k (Λ), we apply the Floquet-Bloch transform Φ(x; k) = e ik·x φ(x; k). We transfer the eigenvalue problem (3.1) to the following interface
To address the numerical challenge brought by the interface condition (3.4), the most straightforward idea is to use finite element methods with body-fitted meshes [4, 8] , i.e. use meshes to resolve the discontinuity. But this brings two new difficulties: firstly, the body-fitted meshes, in general, are unstructured meshes on which it is difficult to impose the periodic boundary conditions; secondly, it is technically hard to generate body-fitted meshes, in special for topological materials with complicated geometric structures. In this paper, we avoid those two difficulties by introducing the unfitted Nitsche's methods [7, 16] .
3.1.1. Unfitted Nitsche's method in a torus. In this part, we introduce the unfitted Nitsche's method for the interface L 2 per (Λ)-eigenvalue problem (3.3)-(3.4). To avoid generating of body-fitted meshes for complicate topological structure and simply the imposing of periodical boundary condition, we take the uniform triangulation of Ω. The uniform triangulation is obtained by dividing Ω into N 2 sub-rhombuses with mesh size h = v1 2 N and then splitting each sub-rhombs into two isosceles triangles. In addition, we assume that N is sufficiently large such that the following assumption holds:
Assumption 3.1. The interface Γ intersects each interface element boundary ∂K exactly twice, and each open edge at most once.
The elements of T h are categorized into two different classes: regular elements and interface elements. An element τ is called an interface element if the interface Γ passes through K. The set of all elements that intersect the interface Γ is denoted by T Γ,h . Then, it is easy to see that 6) and denote the union of all such type elements by
Denote the set of all elements covering subdomain Ω i to be
and let One of main ingredients of unfitted Nitsche's method is to define the finite element space as the direct sum of standard linear finite element spaces on Ω i,h . For such a purpose, we let V i,h be the standard continuous linear finite element space on Ω i,h , i.e.
where P k (K) is the space of polynomials with degree less than or equal to k on the element K. The finite element space for the unfitted Nitsche's is defined as
In other words,
To impose the periodical boundary condition, we introduce V h,per as a subspace of V h which is defined as
Note that a function in V h (or V h,per ) is a vector-valued function from R 2 → R 2 , which has a zero component in ω 1,h ω 2,h but in general two non-zero components in T Γ,h . It means that one will have two sets of basis functions for any element K in T Γ,h : one for V 1,h and the other for V 2,h .
For any interface element
Different from the interface elliptic problem considered unfitted Nitsche's method [12, 16] , the diffusion coefficient W (x) is complex and matrix-valued. To increase the robustness of the Nitsche's method, we introduce two weights using the maximal norm of W inspired by [3] 13) which satisfies that κ 1 + κ 2 = 1. Then, we define the weighted averaging of a function v h on the interface Γ as
Furthermore, we define the constant λ T as
It is easy to see that
where
and
Here h is the mesh size and λ is a positive parameter. The weak formulation (3.15) is referred to the Nitsche's weak formulation.
3.1.2. Well-posedness of the unfitted Nitsche's method in a torus. In this part, we shall show the unfitted Nistche's method is well-posed. We start by showing the following consistency result:
Proof. For any φ, q ∈ H 1 per , We notice that φ = q = 0 and hence a h (·, ·) reduces to the standard bilinear formulation. Then (3.18) follows by using the Green's formula on each subdomain Ω i and the interface condition (3.4).
Based on the above Lemma, we can easily deduce following corollary which is known as the Galerkin orthogonality:
Corollary 3.3. Let (φ, E(k)) be the eigenpair of the interface L 2 per (Λ)-eigenvalue problem (3.3)-(3.4) and (φ h , E h (k)) be the corresponding approximate eigenpair by the unfitted Nitsche's method. Then we have
To analyze the stability of the bilinear form a h (·, ·), we introduce the following mesh-dependent norm [7, 16] 
We prepare our proof for the stability of the bilinear form by establishing the following Lemma, whose proof is given in Appendix A.
Lemma 3.4. Let φ h be a finite element function in V h . Then the following inequalities hold:
Remark 3.1. The inequality of (3 .21) is a refinement of the trace inequality on a cut element in [16] . It is the key to show the stability of the bilinear form.
Based on the above Lemma, we establish the following error estimates for the weighted averaging Lemma 3.5. Let q h be a finite element function in V h . Then the following inequalities hold:
Proof. First, we show the inequality (3.23). Using (3.13) and (3.14), we can deduce from Lemma 3.4 that
The inequality (3.24) is obtained by a similar argument. Now, we are ready to show that the bilinear form a h (·, ·) is coercive and continuous with respect to the above mesh-dependent norm in the following sense Theorem 3.6. Suppose that the stability parameter λ is large enough. Then there exist two constants C 1 and C 2 such that
Proof. It is noted that (3.27) is a direct consequence of Lemma 3.5. So we only need to justify the inequality (3.26) . Letting φ h = q h in (3.16) and applying the Cauchy-Scharwz inequality and the Young's inequality with , we have
Then, using Lemma 3.5, we can deduce that
Here, C I is the constant such that q h 1,Ω1∪Ω2 ≤ C I (∇ + ik)q h ) 2 0,Ω1∪Ω2 and we have used the fact k ≤ 4 in the first inequality. We conclude our proof of (3.26) by taking = 640 W ∞ C I Cu and choosing the stability parameter λ > 1280 W ∞ C I Cu . Theorem 3.6 implies that the finite element eigenvalue value problem (3.15) is well-posed. According to the spectral theory, the discrete eigenvalue of (3.15) can be enumerated as
and the corresponding L 2 -orthonormal eigenfunctions are φ
h . Here, n h is the dimension of the unfitted Nitsche's finite element space V h,per , i.e. n h = dim V h,per .
The key in the interpolation error estimations of the unfitted Nitsche's methods is to extend a function in the subdomain Ω i to the whole domain Ω. For any q ∈ H 2 (Ω i ), the extension operator of φ from H 2 (Ω i ) to H 2 (Ω) is denoted by X i which satisfies
and X i q s,Ω ≤ C q s,Ωi , for s = 0, 1, 2. Let I i,h be the standard nodal interpolation operator from C(Ω) to V i,h . Define the interpolation operator for the finite element space V h as
For the linear interpolation operator, [16] established the following optimal error estimates:
3.2. Unfitted Nitsche's method for computing edge modes. In this subsection, we generalize the unfitted Nitsche's method introduced in previous subsection to compute edge modes. Similarly, to model the wave propagation in the heterogeneous media, we will adopt the jump conditions. Let Γ Σ be the union of interfaces in all cells in the fundamental domain of the cylinder. Based on this setup, edge states are the eigenpair of the following interface eigenvalue problem
34)
on the infinite domain Ω Σ . For the interface eigenvalue problem (3.39)-(3.42), the numerical challenges not only stem from the heterogeneity of the media and the quasi-periodicity of the boundary condition but also stem from the infinity nature of the cylindrical domain. For the second difficulty, thanks to the localization property of the eigenfunction in the v 2 direction, we can truncate the infinite cylinder into a finite computational domain and replace the localization condition (3.36) by a homogeneous Dirichlet boundary condition. In specific, we define the truncated domain Ω Σ,L as
To handle the quasi-periodic boundary condition on v 1 direction, we apply the Floquet-Bloch transformation Ψ(x; k ) = e i k 2π k1·x ψ(x; k ). Then, we reformulate the problem of finding edge states as computing the eigenpairs of the interface eigenvalue problem
39)
where 
for i = 1, 2. The restriction of the interface Figure 3 .2, we give a plot of the interface Γ Σ,L with L = 10. To introduce the finite element space for the unfitted Nitsche's method, we begin with defining the finite element space on each ficitous subdomain Ω i Σ,L . LetV i,h be the standard continuous finite element space on Ω i Σ,h which is defined aŝ
Then, the unfitted Nitsche's finite element spaceV h is the direct sum ofV 1,h andV 2,h , i.e.V h =V 1,h ⊕V 2,h . To impose the periodic boundary condition in v 1 direction and homogeneous Dirichlet boundary condition in v 2 direction, we introduce the subspacê
Similar to the previous section, we define unfitted Nitsche's bilinear formâ h (·, ·) asâ
Then, the unfitted Nitsche's method for the interface eigenvalue problem is to find the eigenpair (ψ h , E(k )) such that
Well-posedness of unfitted Nitsche's method in a cylinder. Using the same argument as in previous subsection, we can prove the unfitted Nitsche's for is consistent in the following sense:
Lemma 3.7. Let (ψ, E(k )) be the eigenpair of the interface eigenvalue problem
As a direct consequence of the above Lemma, we have the following Galerkin orthogonality:
Corollary 3.8. Let (ψ, E(k ) be the eigenpair of the interface eigenvalue problem (3.39)-(3.42) and (ψ h , E h (k ) be the corresponding approximate eigenpair by the unfitted Nitsche's method. Then we havê
We also introduce the following energy norm
In term of the energy norm, we shall show that the unfitted Nitsche's bilinear form is coercive and continuous in the following sense Theorem 3.9. Suppose the stability parameter λ is large enough. Then there are exists two constants C 1 and C 2 such that
Theorem 3.9 also means the discrete eigenvalue value problem (3.15) is a wellposed problem. According to the spectral theory, the discrete eigenvalue of (3.15) can be enumerated as
and the corresponding L 2 -orthonormal eigenfunctions are ψ
h . Here, n h is the dimension of the unfitted Nitsche's finite element spaceV h,0 .
Likewise, we useX i to denote the extension operator for functions defined
to Ω Σ,L which satisfies
LetÎ i,h be the standard nodal interpolation operator from C(Ω Σ,L ) toV i,h . Define the interpolation operator for the finite element spaceV h aŝ
We can also show the following interpolation error estimates:
4. Error analysis. In this section, we present unified error estimation for the proposed unfitted Nitsche's methods. Our main analysis tool is the Babuska-Osborn spectral approximation theory [5] .
When we consider the eigenvalue problem (3.3)-(3.4), let A h (·, ·) denote the Nitsche's bilinear function a h (·, ·) which is defined on
Similarly, when we consider the eigenvalue problem (3.39)-(3.42), let A h (·, ·) denote denote the Nitsche's bilinear functionâ h (·, ·) which is defined on
norm is denoted by · b . The Nitsche's finite element function is denote by S h which is either V h,per orV h,0 . For any f ∈ V b , let T : V b → V a be the solution operator for the source problem such that
We rewrite the interface eigenvalue problem (3.3)-(3.4) (or (3.39)-(3.42)) as
where µ = E(k) −1 (or µ = E(k ) −1 ). For the source problem (4.1), we can show the following regularity [4, 19] 
where the notation · 2, denotes the piecewise
. Similarly, we introduce the solution operator T h for the discrete source problems which is defined as
The unfitted Nitsche's method (3.15) has the following equivalent representation
). Evidently, both T and T h are self-adjoint, elliptic, and compact linear operators.
Based on the interpolation error estimate, we can show the following error estimates for unfitted Nitsche's method approximating the source problem:
Theorem 4.1. Let T and T h be the solution operators defined in (4.1) and (4.4), respectively. Then we have the following error estimates, for any f ∈ L 2 (Ω),
Proof. The inequality (4.6) follows directly from Theorem 3.6 (or Theorem 3.9), the interpolation error estimate (3.33) (or (3.61)), and the regularity (4.3). The inequality (4.7) can be proved via the Aubin-Nitsche's tricks, see for example, [16] .
From the above theorem, we can deduce the following the corollary Corollary 4.2. Let T and T h be the solution operator defined in (4.1) and (4.4), respectively. We have
Following the corollary, it is easily to show the following result
Let ρ(T ) (or ρ(T h )) denote the resolvent set of operator T (or T h ), and σ(T ) (or σ(T h ) denote the spectrum set of operator T (or T h ). Using the above approximation property, we have the following property of no pollution of the spectrum which is a direct application of Theorem 9.1 in [6] Theorem 4.3. For any compact set K ⊂ ρ(T ), there exist h 0 > 0 such that for all h < h 0 , we have K ⊂ ρ(T h ). If E is a nonzero eigenvalue of T with algebraic multiplicity equal to m, then there are m eigenvalues
Suppose that E ∈ σ(T ) is a non-zero eigenvalue with algebraic multiplicity m. Theorem 4.3 implies that there are exactly m discrete eigenvalue of T h converging to E as h tends to zero. For any closed smooth curve C ⊂ ρ(T ) enclosing E(k) ∈ σ(T ) and no other element of σ(T ), the Reisz spectral projection associated with E(k) is defined as [5] 
When h is sufficiently small, C ⊂ ρ(T h ) encloses exactly m discrete eigenvalues of T h . We define analogously the discrete spectral projection
Now, we are ready to show our main eigenpair approximation results. Theorem 4.4. Let µ h be an eigenvalue of T h such that lim h→0 µ h = µ. Let g h be a unit eigenvector of T h corresponding to the eigenvalue µ h . Then there exists a unit eigenvector g ∈ R(P ) such that there following
12)
13)
(4.14)
Proof. We begin the first proof of the estimate (4.12). To do this, by applying the Theorem 7.4 in [5] and the operator approximation result (4.7), we can deduce that
which completes the proof of (4.12). Then, we turn to the proof of the estimate (4.13). Let v 1 , . . . , v m be any basis for R(P ). Then, Theorem 7.3 in [5] implies that there exists a constant C such that
To establish upper bound for |µ − µ h |, it is sufficient to bound the first term in (4.15). Using (4.1), (4.4) and the Galerkin orthogonality (3.19) (or (3.52)), we have 16) Notice the relationship between µ (or µ h ) and E (or E h ). Then, (4.14) is direct implication of (4.13).
5. Numerical Examples. In this section, we present a series of benchmark numerical examples to verify and validate our theoretical results and demonstrate that the proposed unfitted Nitsche's method is effective and efficient numerical methods to compute dispersive relation and edge modes for topological materials with high contrast material weights.
5.1. Numerical examples for computing dispersive relation. In this subsection, we numerically investigate the performance of the unfitted Nitsche's method for computing the dispersive relation. The material weight W is given in (2.8) with
The jump ratio of the material coefficient is (1 + J) 2 . For large J, we have high contrast material weight. The radius of B r (A) and B r (B) is chosen to be 0.2.
5.1.1. Verification of Accuracy. In this part, we run a series a test to test the optimal convergence of the numerical eigenvalue obtained by the unfitted Nitsche's method. To measure the errors, we introduce the following relative error of eigenvalues . This confirms that the error estimate for the unfitted Nitsche's method is uniform with respect to the jump ratio of (J +1) 2 .
Numerical investigation of the dispersive relation.
In this part, we try to compute the dispersive relation and make some comparison with the Fourier spectral methods [21, 34] , which uses the Fourier modes as basis functions. For the unfitted Nitsche's method, we use the meshes with mesh size h = 1 64 . For the Fourier spectral method, we use 16 Fourier modes in each direction.
We consider the case with a relative larger jump ratio with J = 30. We show the numerical results in Figure 5 .3. For the unfitted Nitsche's method, we can still observe the existence of the Dirac point for γ = 0 and the disappearance of the Dirac point when γ = 0.1. But the Fourier spectral method seems to fail to give the correct numerical results in the case. In specific, we can see the gap between the first eigencurve and the second eigencurve opens up when γ = 0 and the eigencurves are not symmetric. The performance is not improved even when we increase the number of Fourier modes in each direction. From those two figures, we can clearly see the incorrectness of the Fourier spectral methods. However, we can observe the same mechanism of the Dirac point for unfitted Nitsche's method. To make a quantitative comparison of those two methods for the small jump ratio case, we graph the results of those two methods in the same plot when J = 2 in Figure 5 .4. In the Figure, the numerical results generated by the unfitted Nitsche's method are shown by solid curves and the numerical results generated by the Fourier spectral method are represented by dashed curves. We can see that the numerical eigenvalues given by the unfitted Nitsche's method are lower than the counterpart given by the Fourier spectral methods. This observation implies that the unfitted Nitsche's method is much more accurate than the Fourier spectral method since both methods are Galerkin methods which give upper bounds of the exact eigenvalues.
In summary, it has been seen from the above numerical results that the Fourier spectral method can only provide the correct numerical results for small jump ratios. In contrast, the unfitted Nitsche's method can simulate the physical phenomena for arbitrary large jump ratio. 
Numerical examples for computing edge modes.
In this subsection, we present numerical examples to show the unfitted Nitsche's method proposed in Section 4 is an efficient numerical method for computing topologically protected edge modes with high contrast material weight and supports the theoretical result for eigenvalue approximation. In this subsection, we consider the material weight is given in the form
In (5.1), δ is constant which determine the height of domain. It is chosen such that the coefficient matrix W is symmetric positive definite. The function κ(·) is the domain wall function in (2.11).
5.2.1. Verification of Accuracy. In this section, we conduct a benchmark numerical study to verify the optimal convergence of the unfitted Nitsche's method (3.49). Similarly, the convergence rate is approximated by the following the relative errorsê
In this test, we take k = 0.56π, δ = 0.1 and L = 10. We focus on the computation of the first six eigenvalues. The numerical results of the convergence test are summarized in Figure 5 .5 for J = 2 and J = 10. From the data in Figure 5 .5, it is apparent that the numerical eigenvalues computed using the unfitted Nitsche's method 
Computation of the topological edge modes.
In this paper, we provide numerical examples to demonstrate that the proposed unfitted Nitsche's method is an efficient method to compute the topological edge modes in the heterogeneous setting. First of all, we consider the computation of the topological edge states with small jump ratio. In this test, we choose J = 2, δ = 0.6 and L = 80. In Figure 5 .6a, we show the plot of first 85 eigencurves in term of k . In Figure 5 .6a, we can see that the red eigencurve is separated from the eigencurves, which indicates edge states. To demonstrate the existence of edge states, we sketch the module of the 79th, 80th, and 81th eigenfunctions at the point k = 2π 3 in Figure 5 .7. What stands out in the table is that the 81th eigenfunction is located at the center of the computational domain but the 79th and 80th are both located the boundary of the computational domain. It suggests that the 81th eigenpair is the edge state. The other two are referred as pseudo edge state which occur due the artificial truncation of the computational domain. Test case 2. Then, we consider a relative large jump ratio. In this test, we choose J = 10, δ = 0.7 and L = 80. The plot of eigencurves are presented In Figure  5 .6b. Similarly, we also show the plot of the module of the 79th, 80th, and 81th eigenfunctions at the point k = 2π 3 in Figure 5 .8. We observe the same phenomena as in Test case 1. In particular, we can observe the existence of edge mode.
6. Conclusion. In this paper, we propose new unfitted Nitsche's methods based on the Floquet-Bloch transform for efficiently simulating photonic graphene with heterogeneous structure. By taking advantage of the structure of underlying meshes, we establish a sharp trace inequality for cut element, which is the key ingredient to show the stability of the Nitsche's bilinear forms. The theoretical foundation of the proposed methods builds upon the abstract spectral approximation theory by Babuška and Osborn. The performance of the proposed unfitted methods is tested using a series of benchmark numerical examples. Numerical comparison with the Fourier spectral method is also presented. In future, we plan to combine the superconvergent tool for unfitted Nitsche's method in [12] to further improve the accuracy and reduce the CPU time.
